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Using an ansatz wave function for the ground state of rotating two-dimensional dipolar 
fermions, which occupy only partially the lowest Landau level, we study the correlation energy 
and elastic properties of the Wigner crystal of rotating dipolar Fermi gases.  From a simple 
Hartree-Fock approach, we show that the correlation energy of a particle crystal is lower and 
higher than the correlation energy of a hole crystal for filling factors <
1
2
 and >
1
2
, respectively.  
Furthermore we find that the shear moduli of these dipolar crystals have a nonmonotonic behavior 
as a function of the filling factor .  We also examine the stability of a Wigner crystal.  The 
Wigner crystal with the sample width being zero is locally stable for 0≤ <
1
2
, while the 
corresponding hole crystal is locally stable for 
1
2
<≤ 1.  Due to the WC being unstable around 
=
1
2
, we also conclude that a new liquid state, not a quantum Hall state, can exist at =
1
2
.  
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I. INTRODUCTION 
There is a remarkable progress in the experiment to manipulate quantum many-body states in the 
ultra cold atomic gases.  Systems with well understood and controllable interactions are available.  In 
most researches so far, the major systems that have been studied are described by a contact potential 
that is characterized by the s-wave scattering [1-3].  The successful creation of chromium Bose-Einstein 
condensate (BEC) [4, 5] and progress in realization heteronuclear polar molecules [6-11] has been the 
subject of growing interest in quantum degenerate dipolar gases.  The anisotropic character and long-
rang nature of dipole-dipole interactions makes the dipolar systems different from the systems described 
by contact interactions [12].  The long-range nature of dipolar interactions puts dipolar gases correlated 
strongly [13].  For the BEC, new quantum phases are predicted [14, 15].  There is a quantum phase 
transition from a gas to a solid phase when the density increases.  The influence of the trapping 
geometry on the stability of the BEC and the effect of the dipole-dipole interactions on the excitation 
spectrum are investigated [16].  Vortex lattices of rotating dipolar BECs exhibit novel bubble, stripe, 
and square structures [17].  For Fermi gases, the s-wave scattering is inhibited due to the Pauli 
Exclusion Principle.  This principle also provides a strong suppression of three-body losses [18], and 
consequently the strong interactions of fermions are achieved at the Feshbach resonance where the 
scattering length takes a divergent value [19, 20].  Bond pairs of fermions with resonant interaction are 
formed and the system of a Fermi gas is transformed into a bosonic gas of molecules [21, 22].  The 
observed pairing of fermions provides the crossover between the Barden-Cooper-Schreiffer regime of 
weakly-paired, strongly overlapping Cooper pairs, and the BEC regime of tightly bound, weakly-
interacting diatomic molecules [23].  It is also possible to explore the potentially strong correlations of 
fermions induced by the dipolar interaction [24].  There are dipolar-induced superfluidity [25, 26] and 
strongly correlated states in rotating dipolar Fermi gases [13, 27].  
In a system whose potential energy from interactions dominates the kinetic energy, the system will 
adopt a configuration of the lowest potential energy and crystallize into a lattice that is termed the 
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Wigner crystal (WC) [28].  Rotating fermions with the inertial mass M and the rotational frequency  
feel the Coriolis force in the rotating frame.  The Coriolis force on rotating gases is identical to the 
Lorentz force of a charged particle in a magnetic field.  Quantum-mechanically, energy levels of a 
charged particle in a uniform magnetic field are named as Landau levels and display discrete energy 
levels of a harmonic oscillator [29].  There is a large degeneracy in the Landau level.  It is convenient to 
define the filling factor 
2
02 l  , to measure the fraction of Landau levels being occupied by 
particles, where  and 0 2l M   stand the average density and the magnetic length, respectively.  
The discreteness of the eigenvalue spectrum is essential for the occurrence of the integral quantum Hall 
effect [30].  In the lowest Landau level, the kinetic energy of rotating dipolar gases is frozen and the 
dipolar interactions create strong correlations on particles.  Therefore, the potential energy from dipolar 
interactions dominates the kinetic energy in the lowest Landau level and, except at certain filling factors, 
we shall expect that rotating dipolar gases will crystallize into a WC.  Although it is feasible of forming 
the fractional-quantum-Hall liquid at certain filling factors and the crystal phase for <
1
7
 [27], the 
crystal phase can still exist in the interval between quantum Hall states [31].   
In this paper we construct an ansatz wave function of the WC of rotating two-dimensional (2D) 
dipolar fermions, which occupy only partially the lowest Landau level.  Within the Hartree-Fock 
approximation, we study the correlation energy and elastic properties of the WC.  We show the shear 
moduli of these dipolar crystals as a function of the filling factor .  The effects of Landau-level mixing 
are ignored.  The paper is organized as follows.  In Section II we construct an ansatz of the WC.  The 
overlapping integral of trial wave functions between two different sites of the lattice is non-zero.  We 
then develop a method of handling trial non-orthogonal wave functions by the Löwdin formula.  From 
this formula we can calculate the Hartree-Fock WC energy accurately.  Calculation results of the 
Hartree-Fock WC energy are given in Section III.  In Section IV we find the compression and shear 
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moduli of the WC in the lowest Landau level.  We discuss the stability of the WC in the lowest Landau 
level.  In Section V we derive the collective modes of the WC and show these modes in the long 
wavelength limit.  Finally, Section VI contains a summary of our results along with our conclusions.  
   
II. HARTREE-FOCK APPROXIMATION AND LÖ WDIN FORMULA FOR THE WIGNER 
CRYSTAL  
We consider polarized dipolar fermions in a rotating cylindrical trap and polarized along the 
negative 
ze  direction of rotation, where ze  is the unit vector of the z-axis.  The two-body dipolar 
interaction potential is  
2 2
3
1 3
( ) ,
z
D

 
η
η
η
                                                           (1) 
where D is a measure of the strength of the dipolar interactions, and = (x, y, z) is a position vector of a 
particle.  For the sake of simplicity, we will consider a pancake system such that the motion of rotating 
fermionic gases along the z-axis is frozen to the ground state of the axial harmonic oscillator whose 
ground-state wave function is  
 
1 4
2 2 2( ) exp( 2 )z z d d   ,                                             (2) 
where zd M   is the extension of dipolar gases in the axial direction and z  is the trapping 
frequency along the z-axis.  The quasi-2D dipole-dipole interaction between fermions is given by  
2 2
1 2 1 2 1 2 1 2( ) ( ) ( ) ( )V dz dz z z    r r η η ,                              (3) 
where r = (x, y). 
The formal development of the Hartree-Fock ground-state energy for a 2D WC induced by a 
strong magnetic field has been presented elsewhere [32].  We shall apply previous formalisms and take 
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the cyclotron energy 
c =1 and the magnetic length 0 1l  , where the cyclotron frequency 2c  .  
The Hamiltonian of a quasi-2D rotating dipolar Fermi gas is  
2
1
1 1
2 2
N
i i z
i
H i


 
     
 
r e
2
1
( ) 
2
N
i j
i j
V
L  

  r r ,                (4) 
and  
( )
( )  ( )  i j
i
i jV V e
 
  
q r r
q
r r q ,    (5) 
where N is the total number of particles, q is the wave vector, L is the length of the system and 
3
0( / ) / cD l    .  The V(q) in Eq. (5) is the Fourier transform of V(R) and 
 
24 2( ) 2 exp( ) Efrc( )
3
V q
d

   q

,        (6)  
where 02qd l   and Erfc()
22
0
1 exp( )t dt


   .  Eq. (6) was used in the study of the stability 
of 2D BEC with dominant dipole-dipole interactions [16].  Note that the contact interaction term in V(q) 
can be ignored due to the Pauli Exclusion Principle of fermions. 
The lowest Landau level wave function localized around r =R is given by 
21 1 1( ) exp ( ) ( )
4 22
zi

 
      
 R
r r R r R e ,   (7) 
which is the eigenstate, with eigenvalue 
1
2
c , of the kinetic energy operator.  This wave function was 
proposed by Maki and Zotos to study the correlation, the shear moduli, and collective excitation modes 
of the WC for electrons partially occupied the lowest Landau level [33].  Our ansatz wave function for 
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the ground state of the WC is a Slater determinant constructed by the wave function of Eq. (7) located at 
the regular 2D lattice points jR .  We have  
1
({ }) det  ( ) 
! j
i i
N
 
R
r r .          (8) 
From the previous study [34] we know that a 2D lattice with the triangular geometry structure has the 
lowest classical ground-state energy.  Therefore, we choose the lattice site jR  of the WC as 
 1 1 2 2j j j R a a ,     (9)  
where 
1a  and 2a  are the primitive translation vectors of the lattice; and 1j  and 2j , are any integers to 
which we refer collectively as j.  We also define a lattice reciprocal to the direct lattice defined by Eq. 
(9) as the set of points given by the vectors 
1 1 2 2m m m G b b ,     (10) 
where 
1b  and 2b  are the primitive translation vectors of the reciprocal lattice; and 1m  and 2m , are any 
integers to which we refer collectively as m.  For a triangular lattice 
1 2
1 3
(1,  0),       ,  
2 2
a a
 
   
 
a a , 
1 2
2 3 2 2 3
1,  ,       0,  
3 3a a
    
     
   
b b ,   (11) 
where a is the lattice constant.  The area 
cA  of the primitive unit cell of the triangular lattice is 
2
3 2a . Since the particle density  is related to the filling factor , the lattice constant a is given by 
2
0(4 ) ( 3 )a l  . 
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The overlapping integral of trial wave functions between two different sites of the lattice is non-
zero.  Our wave functions are normalized but not orthogonal each other for different sites, we cannot 
use the Hartree-Fock equation for orthonormal wave functions to calculate the ground-state energy.  We 
have to consider this non-orthogonal situation seriously.  Let us define a   matrix with elements [35] 
* ( ) ( )
i j
ij i j d     R Rr r r  .    (12) 
The total energy per particle E of the WC can be expressed in terms of elements ijT  of matrix T and 
1
 T  is the reciprocal matrix of t: 
d exE K V V   ,           (13) 
where K is the kinetic energy per particle, 
dV  is the direct interaction energy per particle, and exV  is the 
exchange energy per particle, respectively; and they are given as   
2
1 1 1
2 2
ji z
ij
K T i i j
N
 
    
 
 r e ,   (14) 
2 1 2
2
, ( ) ,d ji kn
ijnkNL
V T T i n V j k

  r r ,    (15) 
and 
2 1 2
2
, ( ) ,ex jn ki
ijnkNL
V T T i n V j k

  r r .     (16) 
The formula 
d exV V  is essentially Löwdin’s formula [35] for the non-orthogonal wave functions.  If 
wave functions are orthonormal, then ij ijT  .  The formula d exV V  is just a well-known formula in 
the Hartree-Slater-Fock theory.  From the translational invariant properties of Löwdin’s formula [32], 
we have 
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( )0  exp
2
ij i j i j z
i
T T 
 
   
 
R R e .        (17) 
Using Eq. (17) and with aid of the transformation 
,2
1 1ji
cj
e
AL


 
q R
G q
G
,      (18) 
where the G’s are the reciprocal lattice vectors, equations (14), (15) and (16) can be rewritten as 
0
1 1
0
2 2
j
j
K j T  ,          (19) 
2 0 0 1 2
2
0,0 ( ) ,d j k i
jk iL
V T T V j k

    r r R  
1 2( )
0 0
,
2
( ) 0,0 ,
i
j k
c jk
A
V T T e j k
   G r r
G
G ,  
     (20) 
and 
2
( )
2 0 0 1 2
2
0, ( ) ,
i j z
i
ex j k
ijkL
V T T i V j i k e

 
  
R R e
r r ,  (21) 
where 0  and j i  denote particle states at R=0 and j i R R R , respectively. 
 
 
III. CORRELATION ENERGY OF THE WIGNER CRYSTAL 
We chose 61 lattice sites around the origin to calculate the T matrix numerically.  Using the 
formula 
d exV V  and ignoring the constant kinetic energy, we can calculate the correlation energy per 
particle  c d exV V V    as a function of the filling factor  of the WC.  To test our calculations we 
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can do two things: Firstly, we compare our calculations with the WC energy VB calculated by Baranov 
et al. [27].  In Fig. 1, we show our results of the correlation energy for the dipolar gas with thickness 
0 0.0d l  .  Our calculations are consistent with the results from Baranov et al. in the small filling 
factor regime.  As the filling factor is increasing, our calculations start deviating from the results from 
Baranov et al., which is valid in the small filling-factor regime.  Secondly, as the lowest Landau level 
completely filled, i.e., =1, the correlation energies of the dipolar gas and WC should be equal.  We got 
 1gasV    = 0.62665
3
0/D l  and  1cV    = 0.62663
3
0/D l  as 0 0.0d l  .  From the above 
comparisons we can see that Löwdin’s formula can give us accurate correlation energies of the WC in 
the lowest Landau level.  
In Fig. 1, we also exhibit the correlation energy of the hole crystal  holeV   as a function of the 
filling factor   A hole-crystal state is described by the completely filled Landau level plus a hole 
crystal with the hole density (1).  The correlation energy of the hole crystal  holeV   is given by [33] 
   1 (2 1) ( 1)hole c gasV V V        ,          (22) 
where the second term comes from the exchange energy between holes and the underlying dipolar gas.  
A hole crystal has a lower correlation energy than a particle crystal for >
1
2
.  Furthermore the separate 
correlation-energy slopes of particle and hole crystals at =
1
2
 are different.  Therefore, the phase 
transition of particle and hole crystals at =
1
2
 is the first order.  
The correlation energies of particle and hole crystals for 
0d l 0.3 and 0.7 are shown in Fig. 2.  
The correlation energy of dipolar gases with finite thickness has the same qualitative behavior as the 
thickness 
0 0.0d l  .  The correlation energy is increasing as the filling factor is increasing.  The hole 
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crystal has the lowest correlation energy for >
1
2
.  The correlation energy is decreasing as the 
thickness of dipolar gases is increasing.  This behavior implies that the WC with a larger thickness is 
less stable than the WC with a smaller thickness. 
     
 
IV. DYNAMICAL MATRIX AND ELASTIC MODULI OF THE WIGNER CRYSTAL 
Having obtained the correlation energy of the WC, we now would like to study the elastic 
properties of the WC.  In order to do so, we still have to derive an effective interaction between the 
particles, which then will allow us to find the dynamical matrix, the compression and shear moduli of 
the WC. 
Going back to equations (20) and (21), if we furthermore define elements 
 
     2 2 21 1
4 2 2, , ,
i j j i z i j
i
i j e e e
       
  
R R q q R R e q R R
q R  
21 1 ( ) ( )
2 2 2
i j z i j z
i
e e
         
 
R R R R q R e R R R e
,          (23) 
and  
0 0( )  ( , , ,0)i j
ij
T T i j q q ,               (24) 
then we can rewrite the correlation energy in the form: 
1
( )
2
m n
m n
V U

  R R  ,       (25) 
where we introduced the effective interaction potential U(R) between particles localized at lattice sites, 
which in real space is given by 
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0 02
1
( ) ( ) ( ) ( , , , )i i j
ij
U V e T T i j
L
 
 
  
  
 q R
q
R q q q R .         (26) 
We shall use the above expression of the interaction potential to study the elastic properties of the WC. 
The derivation of the elastic moduli associated with the effective interaction potential in Eq. (25) 
proceeds as follows.  Firstly, we evaluate the dynamical matrix ( ) k , ,  = x, y, which is given by 
0
( ) ( )ie 
 

   k R
R
k R ,         (27) 
where  
 2
( )
U
R R
  

  
 
R
R .     (28) 
Expanding ( ) k  in k around k=0 leads to the form 
2
11 66 66( ) ( )C C k k C k      k ,        (29) 
where 
11C  and 66C  are the compression and shear moduli of the WC, respectively.  11C  and 66C  can 
be extracted from the expression of ( ) k  according to 
 
2
11 2
1
, 0
2
xx x y
x
d
C k k
dk
   ,     (30) 
and  
 
2
66 2
1
0,
2
xx x y
y
d
C k k
dk
    .    (31) 
The constants 
11C  and 66C  are evaluated numerically.  Figures 3 and 4 show the variation of the 
shear and compression moduli of particle crystals as a function of the sample thickness 
0d l  in the 
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filling factors =
1
7
, 
1
5
 , and 
1
3
.  66C  is a decreasing function of 0d l , implying that the WC with a 
larger thickness is less stable than the WC with a smaller thickness.  It is consistent with the result from 
the correlation energy that the stability of the WC is decreasing as 
0d l  is increasing.  For the 
compression moduli, C11 becomes smaller as 0d l  is increasing.   
The compression moduli of the WC as a function of in the sample thicknesses 
0d l =0.0, 0.3, 
and 0.7 are shown in Fig. 5.  For smaller  values, 
11C  is an increasing function of .  11C   has a broad 
maximum around =0.44, and a broad minimum around =0.81.  
11C  becomes smaller as 0d l  is 
increasing even for higher filling factors.  The shear moduli as a function of  for 
0d l =0.0, 0.3, and 
0.7 are shown in figures 6, 7 and 8, respectively.  66C   has a broad maximum around max  , and turns 
decreasing for 
max  .  Values of max  for 0d l =0.0, 0.3, and 0.7 are =0.33, 0.32, and 0.31, 
respectively.  Therefore, max  has the tendency toward smaller filling factors if the sample width 
becomes higher.  Above a transition filling factor 0 , 66C  becomes negative, implying that the dipolar-
particle crystal is unstable for 
0   and stable in the regime 00    .  Since the shear modulus of 
the hole crystal is symmetrical to that of the particle crystal, the hole crystal is locally stable for 
01 1    .  Similar results were discovered by Maki and Zotos in the electronic crystal [33].  We 
obtain filling factors of 0 =0.497, 0.488, and 0.478 for 0d l =0.0, 0.3, and 0.7, respectively.  We find 
that no WC can exist in an unstable region near =
1
2
.  This unstable region becomes wider if the 
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sample width becomes larger.  There is a new liquid state, not a quantum Hall state, at =
1
2
.  The 
existence of this new liquid state can be discovered as the shear modulus of the WC becomes negative. 
 
 
V. COLLECTIVE MODES OF THE WIGNER CRYSTAL 
Before concluding our study, we shall pay our attention to the derivation of the collective modes 
the WC.  We shall decompose the position vector ir  of the ith particle into i i i r R u , where iu  is 
the displacement of the ith particle from the equilibrium lattice site 
iR .  In the harmonic approximation 
the dynamical equations for displacements 
iu  along the -axis can be written in the form 
 
2
2 i i j j c i
j
d d
M u u M u
dtdt
    

      R R ,  (32) 
where   is the antisymmetric tensor in two dimensions and the last term in this equation corresponds 
to the Coriolis force from rotation.  We shall find a solution to the above dynamical equation by taking 
    expi i iu A i t    k k R  that represents a wave with amplitude  iA k , angular frequency 
 and wave vector k.  Substituting the above expression into Eq. (32) results in the following secular 
equation of the WC: 
2
2
( ) ( )
0
( ) ( )
xx xy c x
y
yx c yy
i A
Ai
 
 
      
   
       
k k
k k
 
 
,   (33) 
where     M   k k .      
To find eigenfrequencies of collective modes we have to solve the vanishing determinant of the 
above secular equation.  From Eq. (33) we obtain 
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 
2 2
2 2tr[ ( )] 1 tr[ ( )] 4det[ ( )]
2 2
c
c
D
D D

 

   
k
k k ,  (34)   
where    tr[ ( )] xx yyD    k k k   and        det[ ( )] xx yy xy yxD      k k k k k    .  In the 
absence of the Coriolis force, one finds, in the long-wavelength limit and wave vector 0k  , a 
longitudinal phonon mode with frequency 11  dC k    and a transverse phonon mode with 
frequency 66  t dC k  , where 
5
d D M   .  The linear dispersion of the longitudinal phonon 
mode is due to the nature of the dipolar force and survives in the liquid phase, while the transverse 
phonon mode is specific to the crystalline phase.  These two modes are coupled by the presence of the 
Coriolis force on the vibrating particles.  In the limit 
c   and c t  , two coupled modes give 
rise to a low-frequency 
t c      and to a high-frequency mode c   .  At long wavelength 
the low-frequency mode has a quadratic dispersion relation, 
2 2
11 66 d cC C k    . 
 
I. CONCLUSIONS 
In conclusion, in this paper we have calculate the correlation energies, compression and shear 
moduli, and collective modes of the WC in the lowest Landau level.  The effect of finite sample 
thickness has been included in studying the physical properties of the WC.  We find that this effect 
reduces the correlation energies and elastic moduli of the WC.  Going beyond previous treatments and 
by the Löwdin formula, we can calculate accurate correlation energies of the WC in the whole lowest 
Landau-level regime.  We find that the correlation energy of a particle crystal is lower and higher than 
the correlation energy of a hole crystal for <
1
2
 and >
1
2
, respectively.  Furthermore the separate 
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correlation-energy slopes of particle and hole crystals at =
1
2
 are different.  Therefore, the phase 
transition of particle and hole crystals at =
1
2
 is the first order.  We have also examined the stability of 
the WC from the shear modulus as a function of filling factors.  In a region around =
1
2
, the shear 
modulus of the WC becomes negative, implying that the WC is unstable.  The particle and hole crystals 
are stable in regions 
00     and 01 1    , respectively, where the precise value of the 
transition filling factor 0  depends upon the sample thickness.  Due to the WC being unstable around 
=
1
2
, we also find that a new liquid state, not a quantum Hall state, can exist at =
1
2
.  The physical 
properties of rotating dipolar Fermi gases at =
1
2
 are interesting and need a further investigation in the 
future.   
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Fig. 1.  Correlation energy per particle in units of 
3
0/D l  is shown as a function of the filling 
factor.  The solid line is for the particle crystal, the dotted line is for the hole crystal, and the 
dashed line is taken from Ref. 27.  The sample thickness 
0d l 0.0.  
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Fig. 2.  Correlation energy per particle in units of 
3
0/D l  is shown as a function of the filling 
factor. The solid (dotted) line is for the particle (hole) crystal with thickness 
0d l 0.3.  The 
dashed (dashed-dotted) line is for the particle (hole) crystal with thickness 
0d l 0.7. 
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Fig. 3.  Shear moduli of Wigner crystals in units of 
3
0/D l  is shown as a function of the sample 
thickness.  The solid, dashed, and dotted lines are for particle crystals with filling factors =1/7, 
1/5 and 1/3, respectively. 
 
 
 
 
 21 
 
 
 
Fig. 4.  Compression moduli of Wigner crystals in units of 
3
0/D l  are shown as function of the 
sample thickness.  The solid, dashed, and dotted lines are for particle crystals with filling factors 
=1/7, 1/5, and 1/3, respectively.  
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Fig. 5.  Compression moduli of Wigner crystals in units of 
3
0/D l  are shown as function of the 
filling factor.  The solid, dotted, and dashed lines are for particle crystals with thicknesses 
0d l =0.0, 
0.3, and 0.7, respectively.
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Fig. 6.  Shear moduli, in units of 
3
0/D l , of Wigner crystals with thickness 0d l =0.0 are 
shown as a function of the filling factor.  The solid line for <0.5 and the dotted line are the 
shear moduli of a particle crystal.  The solid line for >0.5 is the shear moduli of a hole crystal.  
66C  for the particle crystal becomes negative for >0.497, implying instability of the particle 
crystal. 
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Fig. 7.  Shear moduli, in units of 
3
0/D l , of Wigner crystals with thickness 0d l =0.3 are 
shown as a function of the filling factor.  The solid line for <0.5 and the dotted line are the 
shear moduli of a particle crystal.  The solid line for >0.5 is the shear moduli of a hole crystal.  
66C  for the particle crystal becomes negative for >0.488, implying instability of the particle 
crystal. 
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Fig. 8.  Shear moduli, in units of 
3
0/D l , of Wigner crystals with thickness 0d l =0.7 are shown as a 
function of the filling factor.  The solid line for <0.5 and the dotted line are the shear moduli of a 
particle crystal.  The solid line for >0.5 is the shear moduli of a hole crystal.  66C  for the particle 
crystal becomes negative for >0.478, implying instability of the particle crystal. 
 
 
 
 
 
